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Ionization profile monitors (IPMs) are widely used in particle accelerators for fast diagnostics of
high energy beams. Due to the space-charge effects and several other physical reasons, as well as due
to instrumental effects, the measured IPM profiles can significantly differ from those of the beams.
There are several empirical mathematical models commonly used for reconstruction of the beam
profiles. Here we present a proper correction algorithm based on the space-charge dynamics of the
secondaries in IPMs. We also demonstrate the efficiency of the proposed beam size reconstruction
algorithm from the measured IPM profiles and discuss practical aspects limiting the IPM accuracy.
I. INTRODUCTION
Ionization profile monitors (IPMs) have been in active
use in particle accelerators since the late 1960s [1–7] and
are important beam diagnostic tools for many modern
and future accelerators [8, 9]. Their principle of opera-
tion is based on collection of the products of ionization of
residual gas by high energy charged particle beams They
operate by collecting the products created from the ion-
ization of residual gas by high energy charged particle
beams - see detailed discussions and examples of oper-
ational instruments in Refs.[10, 11]. Transverse profiles
of the secondaries give a very good approximation of the
primary beam properties and usually can be quickly mea-
sured on very short time scales, e.g., on a turn-by-turn or
even on a bunch-by-bunch basis. The two most common
types of IPMs are distinguished by the use or non-use of
a guiding magnetic field parallel to the extracting electric
field. Physics principles, advantages and disadvantages
of the IPMs with a magnetic field are discussed in [12].
This paper deals mostly with the physics principles and
beam profile reconstruction in the IPMs operating with-
out magnets, with only an electric guiding field. These
IPMs are used more widely because of smaller size, sim-
pler design and lower cost (see Fig.1).
One of the key challenges for the initial beam profile
reconstruction is properly accounting for various effects
which lead to distortion of the charge distribution of sec-
ondaries as they travel to the detector and in the detector
itself. In high-intensity accelerators, the dominant effect
is the increase of the measured beam size σm compared
to the initial beam size σ0 caused by space-charge forces
of the primary beam. There is an extensive literature
on this effect; many simulation codes are developed, pre-
sented and discussed in, e.g., proceedings of recent Work-
shops [13, 14]. Several empirical mathematical models
were proposed to relate σm and σ0, such as - from [2]:
σm =
√
σ20 + C1
N2
E20σ0
, (1)
or, alternatively, from [15]:
σm = σ0 + C2
N1.025
σ1.650
(1 + 1.5R1.45)−0.28 , (2)
FIG. 1. Fermilab Booster IPM. Several mm wide proton beam
with average current of about Jp ∼ 0.4A goes from left to right
through a 103 mm high HV cage. The maximum voltage on
the upper plate is V0=+24 kV, the electric field uniformity is
arranged by six-stage voltage divider bars. Secondary ions are
accelerated toward a 80×100 mm2 micro-channel plate (MCP,
shown in gold). Electrons, exiting from the MCP, proceed for
another 7.5 mm to an array of thin, parallel anode strips
spaced 1.5 mm apart at +100V above the exit of the MCP
(not shown), where the electrons are collected and amplified
for further processing (courtesy R.Thurman-Keup).
or, from [16]:
σ0 = C1 + C2σm + C3N , (3)
or, from [17]:
σm = σ0 + C3
N
σ0.6150
+ C4
N2
σ3.450
, (4)
here, N is the number of particles in the high energy
primary beam, E0 = V0/D is the guiding electric field
due to the voltage gradient v0 across the IPM gap D, R is
the aspect ratio of (other plane)/(measured plane), e.g.,
Rx = σ0,y/σ0,x for horizontal plane, and C1, C2, C3, C4
are the constants derived to fit available simulations and
measurements data.
Despite acceptable data approximation, the wide vari-
ety of mathematical constructs and the unclear physical
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2reasons for various exponents in Eqs.(1 - 4) and, there-
fore, undefined applicability ranges, are generally confus-
ing and call for either a better analysis or more sophisti-
cated beam profile reconstruction algorithms.
In the next Chapter we develop a new algorithm based
on a well defined physics description and an analysis that
results in a complete understanding of the IPM signal de-
pendencies on all major parameters, such as high-energy
beam intensity N and size σ0, the IPM voltage V0 and
dimensions, etc. In the last Chapter we successfully ap-
ply our theory to determine the sought-for beam size σ0
from the profiles measured by the operational Fermilab
Booster proton synchtrotron IPM profiles.
II. SPACE-CHARGE DRIVEN IPM PROFILE
EXPANSION
The general equations of transverse motion of the
charged secondary particles (ions, electrons) born in the
IPM in the acts of ionization of the residual gas molecules
are
d2x(t)
dt2
= fx(x, y, t)x
d2y(t)
dt2
=
Ze
M
Ey + fy(x, y, t) y , (5)
where Ze and M are charge and mass of the secon-
daries, Ey = V0/D is the IPM extracting external elec-
tric field which is assumed to be generated by applica-
tion of high voltage V0 over the gap D, and functions
f(x,y)(x, y, t) = −(Ze/M) · ∂2U(x, y, t)/∂(x, y)2 reflect
the space-charge impact of the primary high energy par-
ticle beam. The space-charge potential U(x, y, t) is pro-
portional to beam current J(t) and depends on the beam
density distribution. For typical transverse beam current
distributions in accelerators it scales as ∝ r2 = x2 + y2
at distances less than a characteristic beam size a and as
∝ ln(r) for r  a, as schematically shown in Fig.2.
For initial analysis we omit complications due to the
field distortions at the IPM boundaries (such as grounded
potential at the MCP plane), assume DC beam current
J and for the simplest case of uniform beam with radius
a one gets:
U(x, y) = −USC r
2
a2
for r < a
= −USC(1 + 2 ln(r/a)) for r ≥ a (6)
where USC = J/(4pi0vp) ≈ 30[V/A]J/βp, βp = vp/c, vp
the main (proton) beam velocity, c is the speed of light,
and 0 is the permittivity of vacuum [18]. The analysis
can be further simplified by taking into account that not
only is the space-charge potential O(10 V) usually small
compared to O(10-100 kV) IPM voltage USC  V0, but
its gradient ∼ USC/a which is O(10 V/mm) in its peak
at the edge of the beam is also small compared to the
uniform IPM electric field Ey that is O(100 V/mm). In
FIG. 2. Proton beam space-charge effect in IPM: (top) the
space-charge potential; (bottom) space-charge driven expan-
sion in x-plane in the presence of a much stronger IPM ex-
traction field Ey (see text).
this case, the equation of motion in the y-plane becomes
trivial:
y(t) =
ZeEy
2M
t2 + v0,yt+ y0 , (7)
where y0 and v0,y are the original position and velocity
of the secondary particle at the moment of its creation.
Combination of the last three equations makes the equa-
tion of motion in the plane of expansion as
d2x(t)
dt2
=
x
τ21
, (8)
for particle trajectories inside the high energy beam
r(t) < a, while outside the high energy beam r(t) =√
y(t)2 + x(t)2 ≥ a it is:
d2x(t)
dt2
=
x
τ21
a2
r(t)2
. (9)
Here we introduced a characteristic expansion time due
to the space-charge:
τ1 =
(2eZUSC
Ma2
)−1/2
. (10)
3The structure of the second-order ordinary differential
equations (8, 9) is such that the particle’s transverse ve-
locity is mostly accumulated while it is passing through
the beam core area, while the beam trajectory outside it
is mostly ballistic and scales approximately linearly with
time until the particle reaches the IPM detector (MCP)
at a t = τ2:
τ2 =
√
2MDd
ZeV0
, (11)
here d is the average distance from the beam center to
the MCP plate. Solution of equation (8) is a hyperbolic
function [19]:
x(t) = x0ch(t/τ1) + v0,xτ1sh(t/τ1) . (12)
It holds while the particle is inside the proton beam,
r(t) ≤ a, that corresponds to t ≤ τ0 where
τ0 =
√
2eMDa
ZeV0
= τ2
√
a
d
, (13)
is a characteristic time for hte secondaries to get ex-
tracted out of the beam by the external electric field
Ey = V0/D. For an initial approximation one can as-
sume that the secondary particles are born with negli-
gible initial kinetic energy Ei = Mv20/2  (eV0, eUSC)
(see more in the next section), and the second term
in Eq.(12) can be neglected. Together with the small-
ness of the initial coordinates compared to the aver-
age distance d from the beam center to the MCP plate
(x0, y0) d ≈ D/2, one gets for r(t) > a using approxi-
mation r(t) ≈ y(t) = t2ZeEy/2M in the denominator of
Eq.(9) :
x(t) = x0
t
τ0
[
ch(α)
(
ch(α˜)− sh(α˜)
α
)
+ sh(α)sh(α˜)
]
, (14)
where α = τ0/τ1 and α˜ = α(1 − τ0/t). The above so-
lution matches Eq.(12) at the boundary, i.e., x(τ0) =
x0ch(τ0/τ1) and x
′(τ0) = x0/τ1sh(τ0/τ1). Fig.2 shows
the main qualitative features of the space-charge driven
particle trajectory’s expansion. For t  τ0 and τ0 < τ1,
the leading terms of the solution are:
x(t) ≈ x0
[
1 +
4
3
tτ0
τ21
(
1 +
2
5
τ20
τ21
+ ...
)]
. (15)
Given that Eqs.(8) and (9) are linear in x, it is no
surprise that the transformation Eq.(15) is linear with
respect to x0, too, leading to proportional magnification
of the profile of the distribution of the secondary par-
ticles. Accordingly, the rms transverse size of the IPM
profile at the time τ2 when the secondary particle reaches
the MCP detector becomes:
σm = σ0 · h ≈ σ0 ·
(
1 +
4
√
2
3
USCD
V0σ0
√
d
σ0
)
, (16)
where σ0 = a/2 is the primary beam horizontal rms size
and we retain only the first two terms in Eq.(15). It is
remarkable that the space-charge expansion factor h is
determined only by the space-charge potential USC , the
primary beam size σ0, the IPM extracting field Ey =
V0/D, and the beam-to-MCP distance d but it does not
depend on the type of secondary species (their mass and
charge, etc). The basic reason is that both the space-
charge impact along x-axis and the transport mechanism
along y-axis are set by electric fields. That condition
would not hold if, for example, the particle had significant
initial velocity v0,y and the second term dominated in the
right-hand side of Eq.(7).
A similar analysis for Gaussian, rather than uniform,
proton beam current density distribution with rms size
σ0 yields essentially the same result, with the numerical
factor (4
√
2/3) ≈ 1.88 replaced by 2Γ(1/4)/3 ≈ 2.41, and
substitution of σ0 = a/2 - see Appendix A. In general,
Eqs.(15) and (A4) correctly describe the dynamics of the
majority of the secondary particles, originating from the
core of the proton beam (x0, y0) ≤ σ0. The remaining
ones are subject of nonlinear forces but only for the ini-
tial part of their trajectories, while their dynamics for
the remaining part when y(t) > (x0, y0) is still described
by linear Eq.(9). Accounting for that effect, as well as for
the additional acceleration in y-plane due to the space-
charge force (and, therefore, slightly shorter times τ0 and
τ2) leads to small next-order corrections proportional to
the square of the small parameter (τ0/τ2)
2 and can be
neglected for the most practical cases. The effect of the
high energy beam size aspect ratio R = σy/σx is rel-
atively weak. Indeed, the space-charge factor 1/τ21 in
Eqs.(8) and (9) scales as 2/(1 + R) while the character-
istic time τ0 ∝
√
R, therefore the product tτ0/τ
2
1 − see
Eq.(16) − will be scaled by 2√R/(1 + R). The corre-
sponding correction is 0.94 for R = 0.5, i.e., relatively
small and can be safely neglected for most common cases
of h ≤ 2. As we will show in the next Chapter, Eq.(16)
can be easily solved, and the original σ0 can be found
from σm with known IPM parameters and the beam or-
bit position d. The space-charge expansion with a typical
factor h(τ2) ≤ 2 is the largest, though not the only one,
of the systematic IPM errors. The most important ef-
fects to be taken into account in that regard are: a) the
time structure of the high-energy beam current J(t), es-
pecially with high bunching factor B = Jpeak/Javg; and
b) the effect of initial (thermal) particle velocities v0(x,y).
The effect of the beam current time structure, such as
in bunched beams, depends on the rms bunch length τb
and time between bunches tb. In the case τb  tb .
τ0  (τ1, τ2), the dynamics of the cloud of secondary
particles in IPM is set by a sequence of frequent kicks
instead of smooth functions as in Eqs. (5, 8, 9) but that
does not change the integrals Eqs.(15, A4). Of course,
these equations are also applicable in the case of very
long bunches τb  τ2. In the case when bunch spacing
tb gets comparable to τ0 and τ2, our algorithm should
employ summation rather than integration and that leads
to the systematic increase of the numerical coefficients in
Eqs.(16, A5) by a factor of USC → USC(1 + 0.8 tb/τ0)
4(see Appendix B).
Most significant deviations from the above analysis
will take place in the case of short and rare bunches
τb  (τ0, τ1, τ2)  tb. In that case, the position of
the secondary particle (ion) remains unchanged during
the passage of the bunch, and its dynamics is all set by
almost instantaneous impact (velocity change) following
the act of ionization:
∆vx =
2Ze2Np
(4pi0)βpMc
x0
r20
(
1− exp(− r
2
0
2σ20
)
)
, (17)
where Np is the total number of particles in the Gaus-
sian proton bunch, which passed by the ion located at
(x0, y0), and r
2
0 = x
2
0 + y
2
0 . After this impact, the sec-
ondary (ion) sees no transverse field Ex = 0 and proceeds
to the IPM collector plate under the extracting field Ey.
After corresponding time τ2, thus the resulting displace-
ment x0 + τ2∆vx becomes equal to:
x(τ2) = x0
[
1 + 4κ
Np
r20
(
1− exp(− r
2
0
2σ20
)
)]
, (18)
where
κ =
√
eZdD
(4pi0)2MβpcV0
. (19)
Averaging over a 2D Gaussian distribution of initial
positions and taking into account that on average freshly
generated ions experience the impact of only half of the
bunch, one gets the rms size of the IPM profile:
σ2m = σ
2
0 + κNp + κ
2
N2p
σ20
4
3
ln(4/3) , (20)
- see Appendix C. Contrary to the case presented in the
preceding section and summarized in Eq.(16), the inten-
sity dependent profile expansion of Eq.(20) manifests as
an addition in quadrature and it now depends on charge
Z and mass M of the secondary species. In particular,
to minimize such expansion in the IPM measuring pro-
files of short intense and rare bunches, it is beneficial to
collect (heavier) ions instead of (light) electrons.
Another effect that calls for the use of ions rather
than electrons in IPMs without external magnetic fields
is caused by the initial velocities of the secondaries v0.
Indeed, assuming such velocities are random with the
rms value of
√
2Ei/M , one gets in quadrature addition
to Eq.(16):
σ2m = σ
2
0h
2(USC , σ0, V0, D, d) +
(4EidD
ZeV0
)
. (21)
At face value, this additional term is independent of the
mass of the secondary particle, but the initial kinetic en-
ergy strongly depends on the collected species. For ex-
ample, for ionization electrons, Ei is about 35 eV needed
on average for ion-electron pair production by protons in
hydrogen [20], and, therefore, the corresponding smear-
ing of the particle position measured by the IPM is about
σT = D
√
2Ei/ZeV0, that is some 6 mm for voltages as
high as V0 = 20 kV and a typical D = 100 mm. That
is absolutely unacceptable for millimeter-scale or smaller
beam sizes. Electron-collecting IPMs do have and advan-
tage of very short electron reaction time τ2 and , there-
fore, excellent time resolution, but they must have the
external magnetic field By to suppress the smearing. As
for ions, their initial kinetic energy depends on their kind
and the type of reaction. For diatomic gases, the most
relevant process is dissociative ionization by the primary
fast protons, i.e., p + H2 → p + H + H+ with typical
kinetic energy of the H+ of the order of a few eV [21].
Corresponding smearing σT can reach 1 mm or more [22].
III. APPLICATION FOR FERMILAB BOOSTER
Below we will apply our analysis to the IPM pro-
files measured in the Fermilab Booster rapid cycling syn-
chrotron (RCS) [23]. The Fermilab Booster [24, 25] is a
474.2 m circumference, alternating-gradient 15 Hz RCS
accelerating protons from 0.4 GeV at injection to 8.0 GeV
at extraction in 33.3 ms, or about 20 000 turns − half
of the magnet cycle period. Correspondingly, all pro-
ton beam parameters (intensity, positions, bunch length,
emittances) as well as accelerating RF frequencies and
voltage significantly vary over the cycle. Typical to-
tal intensity of 84 circulating proton bunches is about
N = 4.6 · 1012.
FIG. 3. The Fermilab Booster IPM data right before beam
extraction σ∗ (V0 = 24kV, D = 103mm, black squares)
[23] vs the total proton beam intensity N . The theoretical
predication of this paper’s Eq.(16) (red line) is calculated
using the initial beam sizes σ0 as measured by the Multi-
Wires emittance monitor (blue line). The measured IPM rms
sizes σm are corrected for the intensity independent smearing
σ∗ =
√
σ2m(t)− σ2T , with σ2T = 2.7 mm2.
5The Booster proton beam dynamics is quite compli-
cated; the beam emittance growth and particle losses
during the acceleration [26] are of serious operational
concerns as they limit high power operation of the entire
Fermilab complex of accelerators for high energy neutrino
physics [27, 28]. Fast diagnostics of the Booster proton
beam size and emittances is of critical importance.
There are two types of instruments to measure beam
sizes and therefore, transverse emittances, in the Booster
− the Multi-Wires (MWs) and two ionization profile
monitors. The Multi-Wires are intercepting devices in-
stalled in the Booster extraction beamline. When the
proton beam strikes individual wire (there are 48 wires
spaced by 1 mm in each MW), secondary electrons create
a current in the wires which is amplified to produce the
profile. The MWs beam size measurement data are pre-
sumed to be intensity independent and accurate to some
2-3%. Two IPMs − vertical and horizontal − operate in
the ion collection mode and report the average rms beam
sizes (determined by the Gaussian fits of the profiles) ev-
ery turn. As discussed above, the proton beam space
charge fields lead to expansion of the transverse distribu-
tion in the IPMs and their outcomes are dependent on
the proton beam intensity, as shown in 3. Therefore, a
correction is needed to determine the actual rms proton
beam sizes.
For a majority of practical IPM applications, the most
important outcome is the knowledge of the rms sizes of
high energy beams with 5-10% accuracy on a turn-by-
turn or comparable time scale. That would correspond to
about 10-20% error in the beam emittances - a level com-
parable with capabilities of other, usually much slower
types of beam size diagnostics which then can be used
for cross–calibration [8, 23, 29, 30].
Besides the effect of the initial velocities Eq.(21),
the IPM intensity independent profile smearing can be
caused by: a) finite separation ∆ between the individual
IPM charge collection strips σT ' ∆/
√
12; b) angular
misalignment θ of the long and narrow strips with re-
spect to the high energy beam trajectory σT ' θL, where
L is the strip length; c) charging of dielectric material in
between the strips [31] or strip-to-stripe capacitive cross
talk; d) non-uniformity of the extraction electric field in
the operational IPM aperture σT ' σ0|dEx/dx|/Ey) =
σ0|dEy/dy|/Ey). The latter effect is usually minimized
by proper electro-mechanical design.
All the above effects are monitor-specific and the eas-
iest way to account for them is cross-calibration of low
intensity beam sizes measured by the IPM σm and by
another instrument σMW . In that case, the desired rms
instrumental smearing can be found as:
σ2T = lim
N→ 0
(
σ2m(N)− σ2MW (N)
)
. (22)
Comparison of the IPM data with the Booster MWs data
at various beam intensities yields the intercept in Eq.(22)
of σ2T = 2.8± 0.1 mm2 [23].
At high intensity, the space-charge potential of the
Booster proton beam is USC ≈ 18.2 · (N/6 · 1012)[V].
Typical rms bunch length and bunch-to-bunch spacing
in the Booster are τb ≈ 2 − 3 ns, tb = 25 − 19 ns. The
characteristic times for the IPM with D = 103, V0 = 24
kV, considered in the previous Section, are τ0 ≈ 22 ns,
τ1 ≈ 67 ns (for N = 6 · 1012) and τ2 ≈ 110 ns. Therefore,
the beam profile expansion factor h can be calculated
by using Eq.(16) in which the original σ0 is taken from
the MW data and the beam-to-MCP distance is taken as
d ≈ D/2 = 53 mm. The numerical coefficient 4√2/3 in
Eq.(16) should be multiplied by (1+tb/τ0) to account for
the bunched beam time structure. The resulting rms ver-
tical IPM beam sizes are found to be in excellent agree-
ment with the actual IPM sizes σ∗ =
√
σ2m(t)− σ2T mea-
sured over a broad range of beam intensities as shown in
Fig.(3).
Knowing σT , N and the IPM extracting field V0/D one
can reverse Eq.(16) and find the original proton beam
σ0 from the measured and corrected σ
∗, e.g., following
Eq.(D1) described in Appendix D. Fig.4 illustrates the
result of such analysis for the measured profiles of the
Booster beam with N = 4.62 · 1012 [23]. There, the red
curve is for the rms vertical beam size σm(t) as reported
by the IPM; the line in violet represents the beam size
after correction for the intensity independent smearing√
σ2m(t)− σ2T ; and, finally, the true proton rms beam
size σ0 was reconstructed following Eq. (D3) and is rep-
resented by the green line. One can see that the overall
beam size correction is about 15% early in the Booster
acceleration cycle when the rms beam size is about 6
mm. At the end of the cycle, with proton energy in-
creased from 400 MeV to 8 GeV, the correction is almost
by a factor of two and accounting for the space-charge
expansion is the most important.
FIG. 4. An example of reconstruction of vertical rms proton
beam size in the 33 ms (20000 turns) acceleration cycle of the
Fermilab 8 GeV Booster synchtrotron with the total beam in-
tensity of N = 4.6 ·1012: time dependence of the original IPM
data (red), the data corrected for smearing effects (violet) and
the same data after additional correction for the space-charge
expansion (green).
6IV. CONCLUSIONS
Ionization profile monitors are widely used in various
types of particle accelerators for non-intercepting and
fast beam profile measurements. As discussed in this
paper, the major profile distortions in IPMs are due to
expansion of slow ionization secondaries under the im-
pact of the space-charge forces of the charged particle
beam itself. The distortion is independent of the type of
collected secondaries (different ions, electrons) and grows
with an increase of beam intensity N and IPM gap D and
a decrease of the beam size σ0 and the IPM extracting
voltage V0 - see Eqs.(16) and (A5). However, the smear-
ing effect due to significant initial kinetic energy Ei pre-
cludes operation of IPMs in the electron collection mode
unless a strong external magnetic field is applied along
with the IPM electric field.
We have developed a model and an algorithm to ac-
count for the space-charge expansion in the ion collect-
ing IPMs without an external magnetic field. Our theory
goes significantly beyond previous analyses as it develops
for the first time the proper functional dependence of the
expansion on just few key IPM and beam parameters.
The model verification against numerical particle track-
ing simulations results shows its excellent applicability.
Contrary to previously considered phenomenological ap-
proximations which had several, up to four, numerical
coefficients for the IPM profile space-charge induced ex-
pansion effects, the presented theory is concise and com-
plete while precise.
The rms beam size reconstruction according to
Eqs.(16) and (A5) allows 5-10% or better accuracy in
determination of σ0 from measured σm and known beam
intensity and IPM parameters D, V0 and d (distance from
the beam orbit to the IPM MCP plate).
Other, intensity independent instrumental errors σT
can easily be accounted for in quadrature if the IPM mea-
surements are calibrated against other beam size diagnos-
tics instruments [10, 32, 33] at low beam intensities. The
proposed algorithm, though simple and straightforward
and addressing the most common operational needs, can
not substitute for more sophisticated modeling and anal-
ysis if detailed knowledge of the high energy beam dis-
tribution (shape, tails, etc) is required.
ACKNOWLEDGEMENTS
I would like to thank Jeff Eldred, Valery Kapin, Valery
Lebedev, and Kiyomi Seiya for useful discussions, fruitful
cooperation and valuable input. I am very grateful to
Randy Thurman-Keup for detailed description of the
operational Fermilab Booster IPMs, for providing Fig.1
and to Valerie Higgins and Karin Kemp for carefully
reading through the manuscript and giving helpful
feedback. Fermi National Accelerator Laboratory is
operated by the Fermi Research Alliance, LLC under
Contract No. DE-AC02-07CH11359 with the United
States Department of Energy.
Appendix A: Expansion of Gaussian beam profile
The electric force of the primary Gaussian beam is
ESC(x,y) =
2J
(4pi0)vp
(x, y)
r2
(
1− exp(− r
2
2σ20
)
)
, (A1)
where J and σ0 are the main (proton) beam current and
rms transverse size, respectively, vp is its velocity, and
r2 = x(t)2 + y(t)2. IPMs usually operate with electric
fields Ey ∼ O(100-1000 V/mm) which significantly ex-
ceed the space-charge forces ESC ∼ O(1-10 V/mm) and
that makes the equation of motion in the y-plane trivial:
y(t) ≈ ZeEy
2M
t2. (A2)
Taking into account that the major part of the trajec-
tory of the secondary particle lays outside the beam and,
therefore, r(t) ≈ y(t), and that the initial coordinates are
small compared to the average distance d from the beam
center to the IPM detector plane (x0, y0)  d ≈ D/2
and one gets by substituting Eqs.(A1, A2) into Eq.(5):
x′′(t) =
x
τ21
2σ20
y2(t)
(
1− exp(−r
2(t)
2σ20
)
)
. (A3)
where τ1 =
√
Mσ20/ZeUSC is a characteristic expan-
sion time due to the space-charge, USC = J/(4pi0)vp.
The solution of this second-order ordinary differential
equation corresponding to initial conditions x(0) = x0
and x′(0) = 0 can be found via sequential approxima-
tions x[0], x[1], x[2], ...x[n]... each differing from the pre-
vious one by a term proportional to (τ0/τ1)
2n, where
τ0 = (2
3/2Mσ0/(ZeEy)
1/2 is a characteristic time needed
for the secondary particle to get out of the beam under
the force of external field Eext. Assuming that term to
be small τ0/τ1 ≤ 1, the first approximation yields:
x[1](t) = x0 ·
[
1 +
τ20
τ21
( t
3τ0
(
Γ(
1
4
)− Γ(1
4
,
t4
τ40
)
)−
−1
2
√
pierf(
t2
τ20
) +
τ20
6t2
(1− exp(− t
4
τ40
)
)]
.(A4)
This equation is linear with respect to x0, therefore, the
space-charge expansion in IPM results in proportional
magnification of the profile of the distribution of the sec-
ondary particles. At the time when secondary particles
reach the IPM detector t = τ2 =
√
2dM/ZeEy  τ0,
such magnification results in the profile rms size of:
σm ≈ σ0 ·
(
1 +
2Γ( 14 )
3
USC
Eyσ0
√
d
σ0
)
. (A5)
This expression is very close to Eq.(16) as the Gamma-
function Γ( 14 ) ≈ 3.625.
7FIG. 5. Simulations of the space-charge expansion Eqs.(8, 9).
Appendix B: Beams of short sparse bunches
In the case when proton bunches are short and spac-
ing between them tb is comparable to τ0 and τ2, the
main equations (8) and (9) can be substituted by cor-
responding sums of kicks due to individual bunches and
solved numerically. As follows from the theory on nu-
merical methods, such Riemann sums lead to the sys-
tematic increase of the integrals proportional to the inte-
gration step size and the derivative of the function [34].
Fig. 5 shows results of summing functions Eqs.(8, 9) at
tn = n × tb ≤ τ2 = 5τ0 with Wolfram Alpha tool [35]
for different bunch spacing tb. The sums are normalized
to the value of continuous integral, which corresponds to
tb → 0, and the dashed line represents the systematic
increase factor of (1 + 0.8 tb/τ0). The accuracy of this
correction due to the time discretization is ∼ (tb/τ2),
e.g. about 4% at tb = 0.2τ0.
Appendix C: Averaging over Gaussian distributions
We start with modified Eq.(18) for the final position
of the particle xf vs its initial position x:
xf = x
[
1 +
λ
u2
(
1− exp(−u2/2)
)]
, (C1)
where λ = (4κNp)/(σ
2
0) and u = r/σ0. To get the mean
square of the final position distribution, one needs to cal-
culate the integral over the initial Gaussian distribution
ρ(x, y):
σ2f =
∫∫
ρ(x, y)dxdy x2
[
1 +
λ
u2
(
1− e−u2/2
)]2
. (C2)
Given similar distributions in x and y, the integrals
in both planes are the same, one can sum them up and
switch to polar coordinates ρ(x, y)dxdy = 2piρ(u)udu to
end up with:
σ2f =
σ20
2
∫ ∞
0
e−u
2/2duu3
[
1 +
λ
u2
(
1− e−u2/2
)]2
. (C3)
The squared expression in the brackets can be opened
up as 1 + 2f + f2, where f = λ(1 − e−u2/2)/u2, and
integrating each term separately yields the total of:
σ2f =
σ20
2
[
2 + λ+ λ2ln(2/
√
3)
]
. (C4)
Now, we note that λ scales with number of primary
particles (protons) which impacted the secondary parti-
cle (ion). As the secondaries are created by the primaries,
the former are affected only by the protons passing by af-
ter the act of ionization. For the Gaussian distribution
of the proton current in time t, this time-dependent im-
pact is proportional to Np(1 + erfc(t/σt
√
2))/2, where σt
is the rms pulse duration. Corresponding time-averaging
of the three terms in Eq.(B4) over the proton pulse with
weight exp(−t2/2σ2t ) yields
σ2f = σ
2
0
[
1 +
1
4
λ+
1
6
λ2ln(2/
√
3)
]
, (C5)
that is Eq.(20).
Appendix D: Finding Original RMS Sizes
There are many ways to find σ0 from σm, i.e., to solve
equations of the type of (16) and (A5):
σm = σ0 ·
(
1 +
c
σ
3/2
0
)
, (D1)
where in our case c = (8 4
√
2/3)(USCD
√
d/V0). There is
an exact solution of the cubic equation (D1) but it is
quite complicated and lengthy mathematical expression.
Slightly easier and straightforward is an iterative approx-
imation σ
[n]
0 :
σ
[n]
0 =
σ
[n−1]
0
1 + c/(σ
[n−1]
0 )
3/2
, (D2)
that starts at σ
[1]
0 = σm. Three to four iterations are
usually enough to get satisfactorily accuracy.
Analysing the IPM data with modest expansion h =
σm/σ0 < 1 + 1/
3
√
2 we found even simpler practical algo-
rithm that is good within 5% :
σ0 ≈ σm
1 + (c+ c2/2)/σ
3/2
m
. (D3)
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